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Abstrat
Unied quaternioni angular momentum for the elds of dyons and
gravito-dyons has been developed and the ommutation relations for dy-
namial variables are obtained in ompat and onsistent manner. Demon-
strating the quaternion forms of unied elds of dyons (eletromagneti
elds) and gravito-dyons (gravito-Heavisidian elds of linear gravity), or-
responding quantum equations are reformulated in ompat, simpler and
manifestly ovariant way.
The question of existene of monopole [1, 2, 3℄ has beome a hallenging new
frontier and the objet of more interest in onnetion with quark onnement
problem of quantum hromodynamis (QCD). The eighth deades of this en-
tury witnessed a rapid development of the group theory and gauge eld theory
to establish the theoretial existene of monopoles and to explain their group
properties and symmetries. Keeping in mind 't Hooft's solutions [4, 5℄ and the
fat that despite of the potential importane of monopoles, the formalism ne-
essary to desribe them has been lumsy and manifestly non-ovariant, a self
onsistent quantum eld theory of generalized eletromagneti elds assoiated
with dyons (partile arrying eletri and magneti harges) has been developed
[6, 7℄. The analogy between linear gravitational and eletromagneti elds leads
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the asymmetry in Einstein's linear equation of gravity and then suggests the
existene of gravitational analogue of magneti monopole [8, 9℄. Like magneti
eld, Cantani [10℄ introdued a new eld (alled Heavisidian eld) depending
upon the veloities of gravitational harges (masses) and derived the ovariant
equations (Maxwell's like equations) of linear gravity. Avoiding the use of arbi-
trary string variable [1, 2℄, we have also formulated manifestly ovariant theory
of gravito-dyons [11, 12℄ in terms of two four-potentials leading to the stru-
tural symmetry between generalized eletromagneti elds of dyons [13, 14℄ and
generalised gravito-Heavisidian elds of gravito-dyons.
In this paper, we have used quaternion analysis to ombine the omplex
desription of dyons and gravito-dyons. Generalized elds of dyons and gravito-
dyons are ombined together and the orresponding ovariant eld equations
and equation of motion have been derived. It has been shown that the theory
leads four dierent Chirality's parameters assoiated respetively with eletri,
magneti, gravitational and Heavisidian harges. The study of gauge invariant
and rotationally symmetri angular momentum operator for unied quaternioni
elds of dyons and gravito-dyons has been undertaken and the ommutation
relations assoiated with the omponents of angular momentum and other dy-
namial parameters have been derived. The symmetry of these ommutation
relations requires an additional potential term, of appropriate strength depend-
ing upon the magneti, gravitational and Heavisidian parameter, besides the
usual Colombian potential like term, in the Hamiltonian. It has been shown
that this unied theory reprodues the dynamis of individual harges (masses)
in the absene of others.
In order to formulate unied theory of generalized eletromagneti elds
(assoiated with dyons) and generalized gravito-Heavisidian elds (assoiated
with gravito-dyons) of linear gravity, we desribe the properties of quaternion
algebra with the use of natural units (c = ~ = 1), and gravitational onstant is
taken unity. Unied quaternioni harge is desribed as [15℄,
Q = (e, g,m, h) = e− i g − j m− k h, (1)
where e, g,m, h are respetively eletri, magneti, gravitational and Heavisid-
ian harges (masses) and i, j, k are the quaternion units. The properties of
quaternion are desribed as under
ij = −ji = k , i(ij) = (ii)j = −j ,
(ij)j = i(jj) = −i , ik = −ki = −j ,
kj = −jk = −i , i2 = j2 = k2 = −1. (2)
Complex struture (e, g) represents the generalized harge of dyons in eletro-
magneti elds while (m,h) is the generalized harge of gravito-dyons. The
norm of unied quaternion harge is expressed as,
N(Q) = QQ¯ = Q¯Q = e2 + g2 +m2 + h2, (3)
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where
Q¯ = (e,−g,−m,−h) = e+ i g + j m+ k h. (4)
The interation of ath quaternioni harge Qa in the eld of b
th
quaternioni
harge Qb depends on the quantity
Q¯aQb = (Wab, Xab, Yab, Zab), (5)
where
Wab = eaeb + gagb +mamb + hahb,
Xab = eagb − gaeb +mahb − hamb,
Yab = eamb −maeb + hagb − gahb,
Zab = eahb − haeb + gamb −magb. (6)
These four oupling parameters Wab, Xab, Yab, Zab may be identied as eletri,
magneti, gravitational and Heavisidian oupling parameters assoiated with
the basis elements (1, i, j, k) of a quaternion respetively. The oupling parame-
terWab may also be obtained by taking the salar produt of quaternionsQa and
Qb and thus equals to the norm given by equation (3) when a = b. It shows that
if same quaternions were interating with eah other, their behavior would be
Coulomb like. Wab may then be alled Coulomb like oupling parameter while
the seond one Xab orresponds to the ombined Chirality's parameters asso-
iated with the interation of two dyons (eletromagneti and gravito-dyons).
Parameter Yab orresponds to the interation between two dyons ombined by
eletri-gravitational and magneti-Heavisidian harges while the fourth one Zab
is the oupling parameter orresponds to the interation of two dyons ombined
by the oupling of eletri-Heavisidian and magneti-gravitational harges. Uni-
ed quaternion valued potential of dyons may then be dened as,
Vµ = (Aµ, Bµ, Cµ, Dµ) = Aµ − i Bµ − j Cµ − k Dµ, (7)
or more generally we write as
V = (A,B,C,D) = A− i B − j C − k D, (8)
where
A = (A0, A1, A2, A3) = A0 − i A1 − j A2 − k A3,
B = (B0, B1, B2, B3) = B0 − i B1 − j B2 − kB3,
C = (C0, C1, C2, C3) = C0 − i C1 − j C2 − k C3,
D = (D0, D1, D2, D3) = D0 − iD1 − j D2 − k D3. (9)
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Similarly one may dene the quaternion valued unied elds as
ℑµν = Fµν − i F˜µν − j fµν − k f˜µν , (10)
where
Fµν = Aµ,ν −Aν,µ − 1
2
εµνσρ(B
σ,ρ −Bρ,σ),
F˜µν = Bµ,ν −Bν,µ + 1
2
εµνσρ(A
σ,ρ −Aρ,σ),
fµν = Cµ,ν − Cν,µ − 1
2
εµνσρ(D
σ,ρ −Dρ,σ),
f˜µν = Dµ,ν −Dν,µ + 1
2
εµνσρ(C
σ,ρ − Cρ,σ) (11)
and
Fµν,ν = j
(e)
µ , , F˜µν,ν = j
(m)
µ ,
fµν,ν = j
(G)
µ , f˜µν,ν = j
(H)
µ . (12)
the (tidle) denotes the dual part of eld tensor. In equations (11) the eld
tensors Fµν , F˜µν are assoiated with generalized elds of dyons while those
for fµν , f˜µν are assoiated aordingly with the generalized gravito-Heavisidian
elds of gravito-dyons [16℄. As suh the quaternion valued urrent may then be
dened as,
Jµ = j
(e)
µ − i j(m)µ − j j(G)µ − k j(H)µ , (13)
or in general
J = (j(e), j(m), j(G), j(H)), (14)
whih is the quaternion valued expression for eld equation of dyons and gravito-
dyons i.e.
ℑµν,ν = Jµ. (15)
Lagrangian density may then be written as follows in terms of ompat, simpler
and onsistent quaternion notation form i.e.
L = −M − 1
8
ℑµν ℑρσ ηµνηρσ + 1
2
Vµ Jν η
µν , (16)
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where ηµν is the at spae-time metri with signature −2. Combined gauge
ovariant quaternion valued momentum may then be written as,
p 7→ p− 12 (QV +QV ) =⇒ p− eA− g B −mC − hD, (17)
whih leads to equation of motion into following ompat and simpler form [17℄,
M x¨µ = Qℑµνuν , (18)
where M is the mass of the partile ,x¨µ is the aeleration and u
ν
is the four
veloity of partile.The gauge invariant and rotationally symmetri angular mo-
mentum in the unied quaternioni eld of dyons and gravito-dyons may be
written as,
~J = ~r × (~p−Q~V ) + (Xab + Yab + Zab) ~r
r
, (19)
where Q~V is the quaternioni parts. The angular momentum given by equation
(19) leads to following ommutation relations,
[Jk, Jl] = i εklmJm (i =
√−1) (k, l,m = 1, 2, 3),[
J2, Jk
]
=
[
J2, Jl
]
=
[
J2, Jm
]
= 0,
[Jk, rl] = i εklmrm , [πk, rl] = −iδkl,
[πk, πl] = i (Xab + Yab + Zab)εklmψm,
[Jk, πl] = i εklmπm − i (Xab + Yab + Zab)rlψk, (20)
where πl is dened as,
~π = ~p−Q−→V . (21)
Keeping in mind the usual Coulombian interation problem of eletri harges,
we exept the following manifestly gauge invariant and rotationally symmetri
Hamiltonian for the system of unied harges i.e.
H = π
2
2m
− Wab
r
+ V (r), (22)
where ~π is the gauge invariant linear momentum desribed by equation (21).
The additional potential term V (r) may be identied and deided aording to
the symmetry requirements of the system. Using equation (19), the value of the
operator J2 may be alulated as
J2 = (~r × ~π) · (~r × ~π) + (X2ab + Y 2ab +Z2ab) + 2(Xab + Yab +Zab)~r · (~r × ~π) (23)
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The third term in equation (23) is zero and hene we may write,
π2
2m
=
J2
2mr2
− (X
2
ab + Y
2
ab + Z
2
ab)
2mr2
+
p2
2m
. (24)
It is quite obvious that the Hamiltonian given by equation (22) possesses the
higher symmetry same as that of the pure Coulomb Hamiltonian provided the
additional potential V (r) in equation (22) takes the salar form,
V (r) =
(X2ab + Y
2
ab + Z
2
ab)
2mr2
. (25)
Thus the Hamiltonian given by equation (22) may be written as,
H = π
2
2m
− Wab
r
+
(X2ab + Y
2
ab + Z
2
ab)
2mr2
, (26)
whih leads to the following ommutation relations,
[
J2,H] = [J,H] = 0. (27)
Quaternion valued unied vetor eld
−→
ψ is written as,
−→
ψ = (
−→
E ,
−→
M,
−→
G,
−→
H ), (28)
where
−→
E ,
−→
M,
−→
G,
−→
H are generalized eletri, magneti, gravitational and Heavi-
sidian elds respetively dened [15℄ as,
−→
E = − ∂
−→
A
∂t
−−→∇A0 −−→∇ ×−→B,
−→
M = − ∂
−→
B
∂t
−−→∇B0 +−→∇ ×−→A,
−→
G = − ∂
−→
C
∂t
−−→∇C0 −−→∇ ×−→D,
−→
H = − ∂
−→
D
∂t
−−→∇D0 +−→∇ ×−→C . (29)
These generalized eletri, magneti, gravitational and Heavisidian elds satisfy
the following pair of Generalized Dira Maxwell's (GDM) equations of dyons
and gravito-dyons [11, 12℄;
−→∇ · −→E = j(e)0 ,
−→∇ · −→M = j(m)0 ,
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−→∇ · −→G = j(G)0 ,
−→∇ · −→H = j(H)0 ,
−→∇ ×−→E = − ∂
−→
M
∂t
−−→j (m), −→∇ ×−→M = ∂
−→
E
∂t
+
−→
j
(e)
,
−→∇ ×−→G = ∂
−→
H
∂t
+
−→
j
(H)
,
−→∇ ×−→H = −∂
−→
G
∂t
−−→j (G), (30)
where (j
(e)
0 , j
(m)
0 , j
(G)
0 , j
(H)
0 ) are respetively harge densities for eletri, mag-
neti, gravitational and Heavisidian harges while (
−→
j
(e)
,
−→
j
(m)
,
−→
j
(G)
,
−→
j
(H)
) are
orresponding urrent soure densities due to these harges. Quaternion unied
potential V given by equation (7) and unied eld
−→
ψ are then related as,
−→
ψ = −∂
−→
V
∂t
−−→∇V0 +−→∇ ×−→V . (31)
Operating the quaternioni dierential operator ∂ = ∂0 − i ∂1 − j ∂2 − k ∂3
to equation (7) , we get the following unied form of quaternioni potential
equation,
∂ V =
−→
ψ , (32)
whih is quaternion valued unied potential equation for generalized harges of
dyons. Unied quaternion valued urrent may then is written as,
J = (j (e), j (m), j (G), j (H)), (33)
where
∂ ∂ A = A = j (e),
∂ ∂ B = B = j (m),
∂ ∂ C = C = j (G),
∂ ∂D = D = j (H),
∂ ∂ =  = ∂µ∂µ = − ∂
2
∂t2
+
∂2
∂x2
+
∂2
∂y2
+
∂2
∂z2
. (34)
Quaternion eld equation assoiated with unied quaternion harge may then
be written as,
∂ ∂ V = V = J. (35)
Quaternion valued eld tensor density is aordingly expressed as
Qµν = (Aµν , Bµν , Cµν , Dµν), (36)
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where
Qµν = Vµ,ν − Vν,µ,
Aµν = Aµ,ν −Aν,µ,
Bµν = Bµ,ν −Bν,µ,
Cµν = Cµ,ν − Cν,µ,
Dµν = Dµ,ν −Dν,µ, (37)
are respetively eld tensors of eletri, magneti, gravitational and Heavisidian
harges and omma (, ) denotes partial dierentiation. Aµ and Bµ are dual
invariant for generalized eletromagneti elds of dyons while Cµ and Dµ are
dual invariant under duality transformations for generalized elds of gravito-
dyons. Unied quaternion valued urrent Jµ and eld tensor Qµν are then
related in the following manner;
Qµν,ν = Jµ, (38)
whih is equivalent to the following quaternioni form;
∂ ψ = J. (39)
as suh, an unied eld theory of generalised eletromagneti and Heavisidian
elds have been developed in view of the fat that these elds essentially possess
the strutural symmetry. Quaternion harge dened by equation (1) represents
the theory of partiles arrying simultaneously eletri, magneti, gravitational
and Heavisidian harges. Equation (1) has been desribed as the ombination
of two omplex harges of dyons (e, g) and gravito-dyons (m,h). Equation (6)
represents the oupling parameters Wab , Xab , Yab and Zab . This equation
shows that in the presene of only eletri harge the oupling beomes Wab =
eaeb while the other parameters Xab, Yab and Zabvanish. If the partiles are
onsidered as dyons (e, g) of eletromagneti elds, we have Wab = eaeb + gagb
and Xab = eagb − gaeb whih are respetively named as eletri and magneti
oupling parameters. For gravito-dyons (m,h) we have onlyWab = mamb+hahb
and Xab = mahb−hamb . For other dyon like (e, h) i.e. eletri and Heavisidian
harges we get Wab = eaeb + hahb and Zab = eahb − haeb . For other dyon like
(g,m) i.e. gravitational harge and magneti monopole, we get Wab = mamb +
gagb and Zab = gamb−magb. For other dyon like (e,m) i.e. eletri harge and
gravitational harge (mass), we getWab = eaeb+mamb and Yab = eamb−maeb.
Similarly for purely hypothetial dyons (h, g) i.e. Heavisidian and magneti
harges we get Wab = hahb+gagb and Yab = hamb−mahb. As suh, the unied
theory of quaternioni harge is the ombined theory of elds haraterizing the
study of elds assoiated with various types of dyons.
Equation (7) represents unied quaternion valued potential of dyons. It
is to be noted that here we have ombined four-harges (eletri, magneti,
gravitational and Heavisidian) in terms of tetrad ombination in the ontext of
speial relativity (not in terms of generalised oordinates) and maintained the
abelian gauge struture in terms of four photons with a the group is dened
as G = U(e)(1)×U(m)(1)×U(G)(1)×U(H)(1). While the quaternion struture
leads to rotation in harge spae and it is our next target to nd out these
investigations of quaternion rotation shortly to mix up the gauge strutures.
here we have the possibility to onsider the gravitational harge m both posi-
tive or negative. This should imply that gravitational and Heavisidian harges
may be either positive or negative dealing with the onept of negative masses.
On the other hand, properties of quanternion algebra are inorporated to de-
rive the eld equation (10) as a quaternion and the oeients of its basis
elements represent the algebrai gauge struture eld equations. Lagrangian
density (16) has been shown to yield the ompat and simpler representation
of ombined dyoni eld equation (15) and equation of motion (18). The gauge
invariant and rotationally symmetri angular momentum in the unied quater-
nioni elds of dyons and gravito-dyons given by equation (19) ontains an extra
term Jres = (Xab + Yab + Zab)
−→r
r
of residual angular momentum in addition to
the usual kineti angular momentum Jkin = ~r × (~p − Q~V ). The rotationally
symmetri nature of angular momentum is also reeted in the ommutation
relation given by equation (20). The ommutation relations given by equations
(20) and (27) show that the operator and are the onstant of motion. The
ommutation relation (27) demands an additional term in the Hamiltonian so
that it onsists the higher symmetry as the pure Coulomb Hamiltonian. From
the above analysis it may be onluded that besides the potential importane
of monopole as intrinsi part of grand unied theories, monopoles and dyons
may provide even more ambitious model to purport the uniation of gravita-
tion with strong and eletro-weak fores.The eletri, magneti, gravitational
and Heavisidian elds dened by equation (29) desribe the pair of Maxwell's
equations assoiated with generalized elds of dyons (e, g) and gravito-dyons
(m,h). Equation (39) desribes the unied forms of quaternion four-urrent
density and it may be shown that these quaternion eld equations are invariant
under quaternion and duality transformations.
Aknowledgment: - O. P. S. Negi is thankful to Prof. Dr. H. Dehnen,
Universität Konstanz, Fahbereih Physik , Post fah M 677, D-78457 Kon-
stanz, Germany for his hospitality at Konstanz. He is also grateful to German
Aademi Exhange Servie (DAAD) for nanial support under re-invitation
fellowship programme.
Referenes
[1℄ P. A. M. Dira, Pro. Roy. So. London, A133 , 60 (1931).
[2℄ P. A. M. Dira, Phys. Rev., 74 , 817 (1948).
[3℄ J. Shwinger, Siene, 165 , 757 (1978).
9
[4℄ G. 't Hooft, Nul. Phys., B79 , 276 (1974).
[5℄ G. 't Hooft, Nul. Phys., B138 , 1 (1978).
[6℄ B. S. Rajput and D. C. Joshi, Hadroni J., 4 , 1805 (1981).
[7℄ B. S. Rajput and Om Prakash, Indian J. Phys., A53 , 274 (1979).
[8℄ J. S. Dowker and J. A. Rohe, Pro. R. So., 92 , 1 (1967).
[9℄ A. Singh, Lett. Nuovo Cimento, 32 , 232 (1981).
[10℄ D. D. Cantani, Nuovo Cimento, A60 , 67 (1980).
[11℄ P. S. Bisht, O. P. S. Negi and B. S. Rajput, Ind. J. P. and App. Phys., 28
, 157 (1990).
[12℄ P. S. Bisht, O. P. S. Negi and B. S. Rajput, Prog. Theor. Phys., 85 , 157
(1991).
[13℄ D. S. Bhakuni, O. P. S. Negi and B. S. Rajput, Lett. Nuovo Cimento, 36 ,
499 (1983).
[14℄ B. S. Rajput, S. R. Kumar and O. P. S. Negi, Lett. Nuovo Cimento, 36 ,
75 (1983).
[15℄ P. S. Bisht, O. P. S. Negi and B. S. Rajput, Ind. J. P. and Appl. Maths.,
24 , 543 (1993).
[16℄ P. S. Bisht, O. P. S. Negi and B. S. Rajput, Int. J. Theor. Phys., 32 ,
2099(1993).
[17℄ P. S. Bisht, O. P. S. Negi and B. S. Rajput, IL Nuovo Cimento, A 104 ,
337 (1991).
10
